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Dresden, Germany; and §Department of Physics, Indian Institute of Technology, Kanpur, IndiaABSTRACT Obtaining quantitative kinetic parameters from fluorescence recovery after photobleaching (FRAP) experiments
generally requires a theoretical analysis of protein mobility and appropriate solutions for FRAP recovery derived for a given
geometry. Here we provide a treatment of FRAP recovery for a molecule undergoing a combined process of reversible
membrane association and lateral diffusion on the plasma membrane for two commonly used bleach geometries: stripes,
and boxes. Such analysis is complicated by the fact that diffusion of a molecule during photobleaching can lead to broadening
of the bleach area, resulting in significant deviations of the actual bleach shape from the desired bleach geometry, which creates
difficulty in accurately measuring kinetic parameters. Here we overcome the problem of deviations between actual and idealized
bleach geometries by parameterizing, more accurately, the initial postbleach state. This allows for reconstruction of an accurate
and analytically tractable approximation of the actual fluorescence distribution. Through simulated FRAP experiments, we
demonstrate that this method can be used to accurately measure a broad range of combinations of diffusion constants and
exchange rates. Use of this method to analyze the plextrin homology domain of PLC-d1 in Caenorhabditis elegans results in
quantitative agreement with prior analysis of this domain in other cells using other methods. Because of the flexibility, relative
ease of implementation, and its use of standard, easily obtainable bleach geometries, this method should be broadly applicable
to investigation of protein dynamics at the plasma membrane.INTRODUCTIONTo understand the dynamic processes that underlie the struc-
ture, organization, and diverse behaviors of cells, we require
kinetic information about the behavior of proteins involved.
Ideally, this information will be obtained within the milieu
where these processes occur—inside living cells. Fluores-
cence recovery after photobleaching (FRAP) is an attractive
method for suchpurposes due to its relative ease of implemen-
tation using the current generation of confocal microscopes.
In a typical FRAP experiment, a fluorescent molecule is
irreversibly bleached within a small region of interest (ROI)
using high intensity laser light. Fluorescence then recovers
as the population of bleached molecules is replaced by
unbleached molecules from outside the ROI. Because the
kinetics of this recovery reflect the underlying dynamics
of the molecule of interest, FRAP experiments can tell us
a great deal about the mobility of molecules within cells.
Much has been gained from simple inspection of FRAP
recovery curves, including determining the rates of local
protein turnover, identifying immobile fractions, and dem-
onstrating exchange between cellular compartments or
lack thereof (1). At the same time, because a molecule’s
dynamics within the cell will be determined by a combina-Submitted February 4, 2010, and accepted for publication August 13, 2010.
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0006-3495/10/10/2443/10 $2.00tion of molecular mobilities, including both diffusion and
bulk transport, and its binding interactions with components
within the cell, FRAP experiments have the potential to
allow measurement of key kinetic parameters, including
the relevant rate constants.
Here we examine the case of FRAP analysis of a
membrane-associated molecule. We consider a common
case in which the mobility of this molecule within the cell
is determined by three behaviors: reversible plasma mem-
brane association, lateral diffusion in the membrane-associ-
ated state, and free, rapid diffusion in the cytoplasm.
Analysis of FRAP recovery when binding reactions domi-
nate is relatively straightforward. In such cases where
binding can be uncoupled from the effects of diffusion,
recovery should follow an exponential (2). However, if
diffusion contributes significantly to protein mobility at
the relevant length and timescales, FRAP analysis is signif-
icantly more complicated. Notably, because recovery by
diffusion is not spatially uniform across the bleached region,
diffusion will change the shape of the bleached region over
time, a phenomenon which itself provides evidence for
lateral diffusion within cells (3–6).
Mathematical solutions for extracting diffusion constants
have been derived in several cases (5,7,8), including solu-
tions for mixed recovery due to lateral diffusion and binding
(9–11). However, many FRAP regimes for analyzing molec-
ular diffusion make unrealistic assumptions. For example,
most assume instantaneous bleaching and neglect the effect
of diffusion of molecules during the bleach period. For
fast diffusing species, diffusion during bleaching leads todoi: 10.1016/j.bpj.2010.08.033
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theoretical bleach spot. This phenomenon leads to a so-
called halo effect in which the edges of the bleached region
are not sharp (e.g., Fig. S1 B in the Supporting Material),
but, instead, fluorescence intensity undergoes a smooth tran-
sition between the bleached and unbleached regions. If not
properly accounted for, such factors can easily lead to
significant errors in FRAP analysis (12–15). Recently,
efforts have been made to avoid these effects and to make
use of the spatiotemporal aspects of the recovery to extract
additional mobility properties (14,15).
To circumvent the difficulties in analysis introduced by
diffusion, one can attempt to describe, more accurately,
the initial fluorophore distribution (i.e., the initial state)
and minimize the deviation between the actual and theoret-
ical bleached area. Several solutions have been proposed.
One is to take the initial fluorescence distribution and
numerically calculate the expected evolution using a kinetic
model and identify the parameters that yield the best fit to
experimental data (16,17). In practice, it is often favorable
to have an analytical description of the expected recovery
for a set of simple bleach geometries that can be used for
fitting. To date, analytic solutions exist for only a subset
of shapes (e.g.. box, disk, stripe), most of which are defined
by sharp boundaries and thus are not capable of accurately
capturing an actual bleach profile that exhibits spreading
due to lateral diffusion. One exception: Gaussian bleach
profiles, which have the advantage that they remain
Gaussian through time (5). Here we present a solution for
two common non-Gaussian bleach geometries—a simple
box or square, and its one-dimensional equivalent, a stripe—
both of which are easily implemented and offer advantages
over Gaussian spots in certain applications.
The method we describe relies on the fact that a distribu-
tion of particles initially characterized by a step-function
(e.g., a sharp boundary) will progressively evolve into
a smooth distribution if subjected to diffusion. Specifi-
cally, the distribution of particles in such a system can be
described analytically in terms of an error function at all
times (see Eqs. 4, 6, and 7). Therefore, we can use error
functions to describe the boundaries of a given bleach region
to capture both the extent of the bleach region (e.g., box
width) and the gradient of fluorescence at the edges. The
evolution of the fluorescence distribution can then be deter-
mined by calculation of the time evolution of these error
functions.
We provide a closed-form solution that describes the
evolution of fluorescence intensity integrated over the
bleach area after photobleaching for recovery due to
membrane-cytoplasm exchange and lateral diffusion. This
solution should exactly describe an experiment in which
a region with sharp edges is bleached instantaneously, but
the first postbleach frame is captured at some inevitable
time delay. In reality, the bleach period will be of finite
duration resulting in diffusive spreading of the bleach regionBiophysical Journal 99(8) 2443–2452during bleaching. Optical limitations also ensure that the
edges of a bleach region are not infinitely sharp. Such effects
give rise to distributions that do not take the exact form of
error functions. However, the resulting smoothening of the
boundary is still well described by error functions. As
long as the initial bleach distribution is reasonably well
characterized by error functions, the solution we provide
allows for accurate measurements of diffusion and exchange
kinetics. Importantly, one is left free to choose an initial
postbleach frame best suited to the particular experimental
details. As such, we believe this method should provide
a useful tool for analyzing the behavior of membrane-asso-
ciated proteins in a variety of systems.THEORY
Reversible membrane binding and lateral
diffusion
Let us consider a spatially extended system consisting of
a cytoplasmic volume surrounded by a membrane, popu-
lated by a molecule of interest, the total quantity of which
is conserved. This molecule exists in one of two states,
membrane-associated or cytoplasmic. Its local density on
the membrane is given by a and in the cytoplasm by b.
We will consider the case where the mobility of this mole-
cule can be described by three processes: Lateral diffusion
on the membrane is described by a diffusivity D, diffusion
in bulk cytoplasm is described by Dc, and transitions
between the two states are governed by mass action kinetics
with binding coefficients kon and koff. These transitions take
the form of a boundary flux for diffusion in bulk. This
system can be described as
vt a ¼ DV2 a þ kon bjsurfkoff a; (1)
vt b ¼ V3D ; (2)
where V2 denotes the two-dimensional Laplace operator, the
diffusive flux is given by
j ¼ DcV3Db
within the cytoplasm, and bjsurf denotes the volume concen-
tration of proteins in the infinitesimal bulk volume element
that interacts with the surface at a. Conservation of protein
number is ensured through the boundary conditions for
Eq. 2 at the membrane-cytoplasm interface, which take
the form of an additional flux
jsurf ¼ bnkon bjsurfacekoff a
at the surface, where bn is the unit vector normal to the
surface, pointing outwards.
Several simplifying assumptions allow us to treat b as
constant in both space and time for purposes of FRAP anal-
ysis. To begin, we limit ourselves to cases where the
FRAP of Membrane-Associated Proteins 2445timescale for cytoplasmic diffusion is short compared to the
timescale for membrane-cytoplasmic exchange and diffu-
sion on the membrane. In such cases, spatial variations in
b vanish rapidly compared with the timescales for processes
occurring at the membrane. As a result, b can be taken to be
uniform in space. This uniform concentration can, in prin-
ciple, change in time because of a net flux of molecules
from the membrane to the cytoplasm. However, we assume
that our system is at steady state before FRAP, with steady-
state concentrations in the membrane and cytoplasm of a0
and b0, respectively. The perturbation induced by FRAP,
where a small region of the membrane is bleached with
a laser, corresponds to a conversion of some fraction of
a into an invisible species ableached within this region. As
long as the total amount of bleached molecules is much
smaller than the total number of molecules in the system,
this local depletion of molecules will have a negligible
effect on the system as a whole and as a result, the uniform
cytoplasmic concentration b can be taken to remain at its
steady-state level b0 throughout the FRAP experiment.
Therefore, the evolution of the membrane concentration of
unbleached fluorescent molecules during the FRAP experi-
ment is given by
vta ¼ DV2a þ kon  koff a; (3)
where kon* h kon b0 and is constant in space and time.
We should note that this model considers the existence of
a single membrane-associated state. In principle, one could
consider alternative scenarios such as cooperative mem-
brane association, or multiple binding sites with distinct
binding coefficients, in which case Eq. 3 would no longer
hold, and a more complicated theoretical framework would
be required. Due to the assumption of steady state before
FRAP, however, some of these scenarios can give rise to
recovery kinetics that are indistinguishable from those
expected from Eq. 3, and thus care must be taken to assure
that the theoretical model used for FRAP analysis accurately
describes the underlying dynamics.Solving for a stripe bleach geometry
We now assume a flat geometry of a planar membrane sup-
ported by a cytoplasm and consider the one-dimensional
case in which a varies in x but not in y. This corresponds to
a FRAP experiment utilizing a stripe geometry (Fig. S1 A).
For such a system, we can solve for a(x, t) in terms of an
infinite space Green’s Function (G), which gives
aðx; tÞ ¼ kon
Z t
0
dt0
ZN
N
dx0 Gðx; t; x0; t0Þ
þ
ZN
N
dx0 Gðx; t; x0; 0Þ aðx0; 0Þ; (4)where
Gðx; t; x0; t0Þ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4pDðt  t0Þ
p ekoff ðtt0Þeðxx0Þ24Dðtt0Þ: (5)
Here, a(x, 0) describes the initial distribution of fluores-
cent molecules in the membrane just after bleaching. This
solution is strictly valid for an infinitely large system.
Corrections to Eq. 5 for finite systems are necessary if mole-
cules tend to reach the boundary of the system within
the typical time of fluorescence recovery, trec. For a species
that undergoes lateral diffusion only, trec ~d
2/D, where
d describes the extent of the bleach area. In contrast, the
time to reach the boundary of the system (tboundary) scales
as ~L2/D, where L describes the extent of the system.
Thus, for L >> d, such corrections are negligible. For
example, for d ¼ L/10, the ratio of timescales (trec/tboundary)
is ~0.01, and very few particles will interact with the
boundary within the time of FRAP recovery. More simply,
Eq. 5 remains a good approximation as long as
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
D trec
p
is
small compared to system size.
To solve for a(x, t), we choose an appropriate initial state
a(x, 0) to represent the distribution of a after bleaching. We
have assumed that before bleaching the system is at steady
state and a(x, t < 0) ¼ kon*/koff. For the one-dimensional
system, we imagine a bleach stripe of width dx centered at
x ¼ 0. Immediately after bleaching, the region outside the
bleached region will remain at steady state, while the
concentration of a within the bleached area will be reduced
by some fraction fb. For an ideal bleached stripe with infi-
nitely sharp edges (Fig. S1, A and D, asharp(x, 0)) takes the
form
asharpðx; 0Þ ¼ f konkoff ðjxj> dx=2Þkon
koff
ð1 fbÞ ðjxj< dx=2Þ
: (6)
Using this initial condition, we can solve Eq. 4 in order to
describe the time evolution of a bleached stripe:
asharpðx; tÞ ¼ k

on
koff

1 fb
2
ekoff t

erf

dx=2 xﬃﬃﬃﬃﬃﬃﬃ
4Dt
p

þ erf

dx=2 þ xﬃﬃﬃﬃﬃﬃﬃ
4Dt
p

: (7)
Notably, this evolution leads to a stripe with smooth edges
that take the form of an error function (Fig. S1, B and E). For
the case of an infinite system with instantaneous bleaching
followed by a period of lateral diffusion before image acqui-
sition, the change in the distribution of molecules will be
described exactly by Eq. 7.
Experiments will tend to deviate from this ideal case
because neither bleaching nor imaging is instantaneous,
resulting in smooth boundaries. However, we can captureBiophysical Journal 99(8) 2443–2452
0s 2s
1s 4s
-5 0 +5
x (µm)
I (
x)
0s 4s
-5 0 +5
x (µm)
a b
c d
e f
Sharp Box 0 s
0 10 20 30 40 50
−0.02
−0.01
0
0.01
0.02
0 10 20 30 40 50 600
0.2
0.4
0.6
0.8
1
Time (s)
In
te
ns
ity
 (a
.u.
)
0 10 20 30 40 50 60
−0.02
−0.01
0
0.01
0.02
0 10 20 30 40 50 600
0.2
0.4
0.6
0.8
1
In
te
ns
ity
 (a
.u.
)
Time (s)
0 10 20 30 40 50 60
−0.02
−0.01
0
0.01
0.02
0 10 20 30 40 50
−0.02
−0.01
0
0.01
0.02
0 10 20 30 40 500
0.2
0.4
0.6
0.8
1
Time (s)
In
te
ns
ity
 (a
.u.
)
0 10 20 30 40 500
0.2
0.4
0.6
0.8
1
Time (s)
In
te
ns
ity
 (a
.u.
)
Smooth Box - 0 s
Delay (s)
D
es
t 
/D
th
eo
 
0.1 0.2 0.5 1 2 4
0.6
0.8
1.0
1.2
1.4
1.6
Delay (s)
g h
0.1 0.2 0.5 1 2 4
0.4
0.6
0.8
1.0
1.2
0.4
k e
st
 
/k
th
eo
 
R
es
id
ua
ls
R
es
id
ua
ls
R
es
id
ua
ls
R
es
id
ua
ls
Smooth Box - 4 s Sharp Box 4 s
FIGURE 1 A smooth box (erf) model reduces errors associated with
FRAP analysis compared to an ideal sharp box in FRAP simulations. (a)
Output frames from simulations at the indicated times postbleach show
how the bleach region changes with time. Scale bar ¼ 2 mm. (b) Intensity
plots for a 2-mm stripe in x across the bleached regions shown in panel a for
bleach offsets of 0 or 4 s (red lines). Best fits based on smooth (dashed cyan
lines) or sharp (black lines) boxes are indicated. (c–f) Mean FRAP recovery
curves (black line5 SD) are shown along with the best fit (dashed red line)
for either the smooth (c and e) or sharp (d and f) box regime for either a 0 s
(c and d) or 4 s (e and f) bleach offset. Insets show residuals for the smooth
box fit (green line) and sharp box fit (blue line). In panels d and f, the
smooth box fits are underlaid to facilitate comparison. (g and h) Ratio of
measured to theoretical input values for D and koff for varying bleach offset
times (mean 5 SE, n ¼ 10) fit using the smooth (-) or sharp (C) box
regimes. Note the smooth box regime yields similar measurements across
all delay times.
2446 Goehring et al.this effect by parameterizing the initial state to include both
the extent of the bleach region, dx, and the slope, or steep-
ness of the boundaries, here described by m. We do this
by considering an initial condition described in terms of
the error function and denoted with the subscript smooth
(see Fig. S1, B and E):
asmoothðx; 0Þ ¼ k

on
koff

1 fb
2
ðerf ðmðdx=2 xÞÞ
þ erf ðmðdx=2 þ xÞÞÞ

: (8)
Note that this initial distribution takes the form of the
time evolution of the bleached stripe with sharp edges
(Eq. 7) evaluated at a certain offset in time and with rescaled
concentration a. Again, the fraction bleached is specified by
fb, 5 dx/2 specify the edges of the bleach area, and 1/m is
the characteristic length scale of the error function that
describes the transition between bleached and unbleached
regions. Importantly, the initial parameters can be obtained
directly from the first postbleach image, allowing us to
ignore any events that led to the observed initial state. As
seen in both simulations and our experimental analysis
of PHd1, this approximation of the initial distribution is
capable of taking into account spreading of the bleach
area and smoothing of the boundaries that occurs before
the first postbleach frame (Fig. 1 b and later in Fig. 4, g
and h).
The evolution of the membrane concentration as a func-
tion of time is then given by
aðx; tÞ ¼ k

on
koff

1 fb
2
ekoff t

erf

mðdx=2 xÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dm2t þ 1p

þ erf

mðdx=2 þ xÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dm2t þ 1p

: (9)
For our purposes, we are interested in the mean fluores-
cence recovery within the bleached region given by
IðtÞ ¼ 1
dx
Zdx=2
dx=2
aðx; tÞdx:
Normalization of individual FRAP curves to the pre-
bleach steady-state values removes all dependence on
kon*. Solving the equation for the normalized mean fluores-
cence recovery within the bleach area for the initial condi-
tion specified by asmooth(x, 0) yields (see (18))
IðtÞ ¼ 1 fb
dx
ekoff t
" ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dm2t þ 1p
m
ﬃﬃﬃ
p
p

em
2d2x =ð4Dm2tþ 1Þ  1

þ dx erf

mdxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dm2t þ 1p
#
:
(10)Biophysical Journal 99(8) 2443–2452As formulated, the above solution reflects an accurate
description for an infinitely long bleach stripe of width dx.Extension to two-dimensional box geometry
We next consider a box-shaped bleach area (Fig. S1, C and
F), centered at x, y ¼ 0, with smooth edges. Analogously to
Eq. 8, this geometry is described by
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
on
koff

1 fb
4
ExðxÞ EyðyÞ

; (11)
where
EiðiÞ ¼ erf ðmiðdi=2 iÞÞ þ erf ðmiðdi=2 þ iÞÞ
and i ˛ {x, y}, such that dx and dy describe the extent of the
bleach region, and mx and my describe the slope of the fluo-
rescence distribution at the edges of the ROI in the x and y
directions, respectively. Note that by individually specifying
the extent and the shape of bleaching along both axes, we
also account for a potential anisotropy of the bleached
region.
Following the logic for the one-dimensional case, the
resulting normalized mean fluorescence recovery for a
box-shaped bleach area centered at x, y ¼ 0 is
IðtÞ ¼ 1 fbe
koff t
dxdy
jxðtÞjyðtÞ; (12)
where
jiðtÞ ¼
" ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dm2i t þ 1
p
mi
ﬃﬃﬃ
p
p

em
2
i
d2
i
=ð4Dm2
i
tþ 1Þ  1

þ di erf
 
midiﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dm2i t þ 1
p !# (13)
and i ˛ {x, y}.
To obtain values for koff and D from fluorescent image
data, the initial fluorescence distribution is fit with Eq. 11
to obtain values for mx, my, dx, and dy. For each frame, the
fluorescence intensity is integrated from – dx/2 to dx/2
and – dy/2 to dy/2 to generate a recovery curve, which is
then fit using Eq. 12 (see the Supporting Material).RESULTS AND DISCUSSION
Analysis of simulated FRAP datasets
To validate this approach, we tested its ability to accurately
extract diffusion and detachment rates from computation-
ally generated FRAP data sets for molecules characterized
by differing diffusion and exchange rates under a variety
of FRAP regimes using stochastic, particle-based simula-
tions (see the Supporting Material).
Deviations from an ideal bleach geometry
We first analyzed the ability of this method to compensate
for deviations from the ideal sharp box bleach geometry.
In the simulations, we let bleaching occur only within
a square bleach area, which for an immobile molecule
would result in a bleached region that takes the form of a
perfect square with sharp edges. However, lateral diffusion
that occurs before image acquisition will smooth out thesesharp edges, giving the apparent bleached region an altered
shape.
To examine the effect of increasing time delays between
bleaching and the first acquired image, which we define as
the bleach offset, we generated a set of FRAP simulations
for D ¼ 0.1 mm2/s and koff ¼ 0.01 s–1 and analyzed them
beginning with various times postbleach. As shown in
Fig. 1, a and b, increasing the bleach offset leads to a loss
of sharp boundaries, with the effect increasing with increas-
ing offset times. We compared the results obtained by fitting
the anisotropic two-dimensional error function (smooth box,
Eq. 11), with a two-dimensional version of Eq. 7 that
describes a sharp-edged box (sharp box, Eq. S2 in the Sup-
porting Material). For a 0 s offset, both functions fit the
initial fluorescence distributions and yielded accurate esti-
mates of both D and koff (Fig. 1, b–d, g and h). However,
for increasing offset times, the sharp box no longer
describes well the initial fluorescence and yields significant
errors in the estimate of D and koff (Fig. 1, b, and f–h),
whereas the smooth box continues to perform well with
errors of <10% in D and <20% in koff for all offset times
(Fig. 1, e, g, and h).
We also examined this case for changes in noise by
repeating simulations with five- and 10-fold fewer particles.
For no bleach offset, our fit regime yields accurate measure-
ment of both D and koff across all noise levels, although the
associated error increases (Fig. S2, A and B). At a 2 s bleach
offset, the measured values begin to deviate from the theo-
retical values for the higher noise cases (Fig. S2, C and
D). This effect appears to be due to difficulty in properly
fitting the smoothening of the boundary (data not shown).
However, despite this difficulty in fitting, it still generally
results in better measurements, particularly for D,
compared to the sharp box regime which fails to account
for lateral diffusion during the offset (Fig. S2, C and D).
Deviations of the actual fluorescence distribution from
that of a sharp-edged box can be induced by a variety of
factors including, for example, molecules that diffuse at
rapid timescales compared to bleach and image acquisition
times. We examined two such conditions, increasing D rela-
tive to the frame capture rate, or increasing bleach duration,
and found that the smooth box method was significantly
better than the sharp box in both cases (Fig. S3), supporting
the general applicability of this method and its advantage
over a standard sharp box in extracting reasonable measures
of diffusion and exchange kinetics.
Relative contributions of diffusion and exchange
We next examined the limits of this model in distinguishing
the relative contributions of diffusion and exchange. If one
process occurs significantly faster than the other, the contri-
bution of the slower process may be masked. In such cases,
the kinetic parameters obtained for the slower process may
carry significant errors. To illustrate this effect, we exam-
ined the fits for D and koff obtained for simulations ofBiophysical Journal 99(8) 2443–2452
2448 Goehring et al.a molecule diffusing at 0.1 mm2/s as koff was varied over
several orders of magnitude (Fig. 2). We find that both
parameters are well estimated within a range of values
(0.001 < koff < 1 s
–1). At higher values of koff, exchange
dominates the behavior, masking the effects of diffusion,
while at lower values, diffusion dominates (Fig. 2 a). The
dependence of measured values on the relative timescales
of diffusion and exchange is better visualized by plotting
the ratio of measured to predicted values for koff and D as
a function of the ratio of diffusive and exchange timescales
(tD/tex). Fitting is reasonably accurate for both parameters
(within a twofold range), provided this ratio remains with
an order of magnitude of unity (Fig. 2 b). As one moves
beyond this range, the recovery dynamics become increas-
ingly dominated by one or the other process for a given
bleach area (here 4 mm2). Therefore, when performinga
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FIGURE 2 Distinguishing the effects of diffusion versus exchange.
Simulations were performed (n ¼ 6) for a broad range of exchange rates
for Dtheo ¼ 0.1 mm2/s. Measured values 5 SE for koff (black squares)
and D (gray circles) were obtained by fitting the simulation data for each
value of koff, theo. In panel a, the measured values are plotted versus the input
values for koff. Note that the measured values for koff fall along the predicted
line (black dotted lines) over several orders of magnitude, but deviate
significantly for koff < 10
2 s–1, a regime in which diffusion dominates.
Similarly, measured values for D match the predicted value (gray dotted
lines) until koff exceeds ~1 s
–1, when exchange begins to dominate. This
pattern can be visualized better in panel bwhere the ratio between measured
and theoretical values (Meas/Theo) is plotted as a function of the ratio of the
diffusive and exchange timescales (tD ¼ L2/2D, tex ¼ koff–1, where L is half
the edge width of the bleached square). For tD/koff between 0.1 and 10,
reflecting reasonable balance between the processes of diffusion and
exchange, both parameters are measured accurately. Beyond these limits
(shaded regions), the dominance of one or the other process only allows
accurate measurements of the dominant process. (Horizontal lines indicate
a measured/theoretical ratio between 0.5 and 1.5. Vertical dotted line indi-
cates tD/tex ¼ 1.0.)
Biophysical Journal 99(8) 2443–2452such FRAP experiments with a molecule of interest, it is
important to choose a bleach box size that allows a suitable
ratio between the timescales of recovery through diffusion
and exchange. As will be discussed below, this requires per-
forming the appropriate initial experiments to determine
whether the implemented model and bleach area is suitable
for a given system.
Effects of a cytoplasmic pool
The three-dimensional geometries of cells often present
challenges for FRAP analysis. For photobleaching experi-
ments on membrane-associated molecules, the effect of
the soluble cytoplasmic pool of molecules beneath the mem-
brane, which is typically also bleached, must be considered
(Fig. 3 a). This is particularly true for the geometry consid-
ered in this work in which the bleach laser is perpendicular
to the membrane. Because diffusion in the cytoplasm is typi-
cally faster than on the membrane, not accounting for this0
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FIGURE 3 Effect of cytoplasmic diffusion on measurements of mem-
brane recovery kinetics. (a) Schematic of bleaching geometry. Because of
the extent of the point spread function of confocal microscopes typically
used in FRAP, bleaching of a membrane will typically result in bleaching
of the cytoplasm, particularly for the case depicted here in which the bleach
laser is orthogonal to the membrane. Note that processes 1–3 may occur at
different timescales, allowing them to be separated. (b) Values mean5 SE
are shown (n ¼ 10) for FRAP simulations incorporating cytoplasmic diffu-
sion with Dc ¼ 20 D (black square) or Dc ¼ 2000 D (red square). Note the
measured value forD in the former case (black square) approaches the theo-
retical value (D ¼ 1 mm2/s) as the lag is increased to z0.4–0.8 s. In the
latter case, all cytoplasmic recovery occurs between 0 and 0.1 s and no over-
estimation of D is seen. (c) Mean FRAP recoveries for the two cases in
panel b. Note that for Dc ¼ 2000 D (red line), there is a rapid phase of
recovery due to the rapidly diffusing pool that occurs before the first imaged
frame (shaded region t < 0.1 s). In contrast, for Dc ¼ 20 D (black line) this
rapid phase extends past t ¼ 0.1 s and overlaps significantly with the
membrane recovery. The two curves converge at approximately half a
second, the time at which the measured values of D converge. (Inset) The
two curves are normalized such that I (a.u.) ¼ 0 at t ¼ 0.1 s. Because of
the contribution of the fast diffusing pool to the recovery, the black curve
appears to recover faster than the red curve where only the slow-diffusing
membrane associated pool is contributing to the recovery.
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This effect can be moderated by taking advantage of the
distinct timescales of these two recoveries. If cytoplasmic
recovery is significantly faster than recovery on the mem-
brane, inclusion of a delay between the end of bleaching
and the first analyzed frame (a bleach offset) will allow
the cytoplasm to equilibrate and assume a homogeneous
concentration. The analyzed curve will then primarily
reflect the slower dynamics on the membrane. However,
as we show above, incorporating this offset requires taking
account of changes in the fluorescence distribution due to
lateral diffusion.
To illustrate this phenomenon, we performed simulations
in which a molecule exchanges (koff¼ 0.1 s) between a slow
diffusing state (membrane-associated, D ¼ 1 mm2/s) and
a rapid diffusing state (cytoplasmic, Dc ¼ 20 D) with
roughly 50% of molecules in each state at any given time.
While this model ignores the complexity provided by
three-dimensional diffusion, it is sufficient to illustrate how
choosing a relatively arbitrary starting point for analyzing
FRAP recovery curves, which is enabled by the smooth
box fitting regime, allows separation of processes with
distinct timescales.
If we fit the resulting simulations beginning with the first
postbleach frame to extract a single diffusion constant, the
rapid recovery by molecules in the fast-diffusing state leads
to a significant overestimation of the slower, membrane-
associated diffusion constant (Fig. 3 b, black squares,
Time ¼ 0.1 s). If we instead incorporate a bleach offset to
allow molecules in the rapidly diffusing state to equilibrate,
this overestimation declines significantly. In this case, intro-
ducing a lag of four frames (0.4 s) is sufficient to reduce this
error to <20%. If we choose a significantly higher cyto-
plasmic diffusion rate (Dc ¼ 2000 D), the recovery of
the rapidly-diffusing species is complete before the first
postbleach frame. As a result, the analyzed recovery is
due primarily to the slow diffusing species and yields a
membrane-associated diffusion constant that is accurate
even if analysis begins with the first postbleach frame
(Fig. 3 b, red squares). Notably, if one overlays the FRAP
curves in the two cases, one can see that the two curves
converge at ~0.5 s, suggesting that at this offset, the contri-
bution of cytoplasmic recovery in the case of Dc ¼ 20 D
becomes negligible (Fig. 3 c).Experimental validation
A good candidate for testing the method described in this
work is the plextrin-homology domain of PLCd1 (PHd1).
This protein domain is known to bind phosphatidylinositol
4,5-bisphosphate (PIP2) and in most systems examined
binds predominantly to the plasma membrane. It was
recently shown this domain undergoes both rapid mem-
brane-cytoplasm exchange and lateral diffusion when bound
to the plasma membrane (11). Here we examine thebehavior of a GFP-fusion to this domain within the Caeno-
rhabditis elegans embryo (19). By slightly compressing the
embryo on a glass coverslip, one can image an ~20 20-mm
area by confocal microscopy. Thus, it is relatively straight-
forward to bleach a two-dimensional square area within the
plasma membrane.
Before proceeding with a comprehensive analysis using
our method, we first confirmed that the behavior of PHd1
in the C. elegans embryo is similar to that reported in mam-
malian cells, and that both lateral diffusion and membrane-
cytoplasmic exchange were contributing significantly to
fluorescence recovery at the length scales of our FRAP
experiments. We first looked for evidence of lateral diffu-
sion. For a square bleach area in a two-dimensional mem-
brane, lateral diffusion can be detected in two ways.
First, recovery at the edges should precede that in the
center. A plot of the normalized recovery of the entire
box, compared to a box in the center of the bleach region,
shows that the center of the bleach region exhibits a
pronounced lag in the fluorescence recovery (Fig. 4 a, solid
versus dashed lines).
Second, because an overall increase in the bleach area
typically corresponds to an increase in the distance that
unbleached molecules must diffuse to repopulate the
bleached region, large bleach areas will generally require
longer times for recovery. When we compare bleach areas
of three distinct sizes, we find that recovery time increases
with the area bleached (Fig. 4 d, solid lines). Thus, PHd1
diffuses laterally when associated with the plasma mem-
brane of the C. elegans embryo.
We next looked for evidence of membrane-cytoplasmic
exchange, because PHd1 is known to bind and unbind
the plasma membrane on the order of seconds in mamma-
lian cells. For the case where both lateral diffusion and
membrane-cytoplasmic exchange contribute to the recovery,
the relative contributions of the two processes will vary with
the size of the bleach area. Specifically, as the bleach area
becomes larger, there will be an increasing contribution of
exchange to the overall recovery, which, if analyzed using
a pure diffusion model, will yield artificially high diffusion
rates. We analyzed FRAP areas of three sizes using Eq. 13
either fitting for D and koff or fixing koff at 0 s
1and fitting
only for D. Fig. 4 b shows that a simple model of recovery
by lateral diffusion yields an apparent diffusion constant that
increases with bleach area, indicating that another process,
most likely membrane-cytoplasmic exchange, is contrib-
uting to the observed recovery. This is very different from
the case of pure diffusion. For example, analysis of soluble
GFP confined within a pseudo two-dimensional geometry
yields near-identical values for D, regardless of the size of
the bleach area or whether a diffusion or diffusion-plus-
exchange model is used (Table S1).
To extract the kinetic parameters using the full model, we
obtained a series of FRAP curves for a square of edge-length
6.9 mm. After individually fitting initial postbleach framesBiophysical Journal 99(8) 2443–2452
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FIGURE 4 PHd1 dynamics on the membrane are governed by a combina-
tion of lateral diffusion and membrane-cytoplasm exchange. (a) Mean
intensity versus time within a square bleached region (dashed black line,
Area ¼ 48 mm2) or within a small box in the center of the bleached region
(solid gray line) for a typical FRAP experiment after normalization such
that I ¼ 0 for the first postbleach frame (t ¼ 0). Note the lag in recovery
into the small central box (arrow). Inset shows a sample image of the first
postbleach frame and the boundaries of the full (dashed black line) and
central boxes (solid gray line). (b) Estimated diffusion coefficients
(D, 5 SE; n ¼ 8) for bleached areas of three sizes fit with a pure lateral
diffusion model (black circle) or the combined diffusion and exchange
model (gray square) incorporating a one-frame (0.19 s) bleach offset.
Dashed lines indicate previous measurements (11, 20). (c) Mean fluores-
cence intensity 5 SD for a 48 mm2 bleach area (black line) and the
accompanying fits using either a pure lateral diffusion model (cyan),
a pure exchange model (green), or the combined diffusion and exchange
model (red). t ¼ 0 s is indicated (dashed vertical line). Residuals for the
three models are shown in the inset using the same color code. (d) Exper-
imental mean fluorescence intensity (solid lines) and the predicted recovery
(dashed lines) for three bleach areas based on the measured recovery
parameters in c: 17 mm2 (blue), 30 mm2 (red), and 48 mm2 (green). (e–f)
Fit results for D and koff5 SE (n ¼ 8) for bleach areas of three different
sizes with a 1 frame (0.19 s) or 5 frame (0.94 s) offset between bleaching
and image analysis as fit with either the smooth box (erf) or sharp box
(sb) functions. Results for the smooth box model are similar for both offset
times. (g–h) Fluorescence profiles of GFP::PHd1 (in x, red line) along a
20-pixel-wide line spanning the bleached region at 0.19 (e) or 0.94 s (f) after
bleaching. Best fits using a sharp box (solid black line) and the smooth box
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each experiment, we averaged the data and fit using
Eq. 13 (Fig. 4 c), which yielded D ¼ 1.7 5 0.22 mm2/s
and koff ¼ 0.125 0.016 s–1. In comparison, neither a diffu-
sion-only or exchange-only model fit the data well, which
can be seen in the plots of the residuals for the three cases.
Using the coefficients obtained by fitting the full model, we
could reproduce the recoveries observed for bleach areas of
other sizes, which differ in the relative contributions lateral
diffusion and exchange. As seen in Fig. 4 d, the recoveries
for both areas are well predicted by these coefficients.
If we instead fit each bleach area individually, the values
we obtain for D and koff are similar across all three areas
(Fig. 4, e and f). Together these results suggest that our
two-component model captures well the dynamics of PHd1.
The values of D we obtain are consistent with previous
reports using FRAP and fluorescence correlation spectros-
copy (Fig. 4, e and f, compare (11,20)), and differ from prior
FRAP experiments using a pure diffusion model (21). This
latter case coincidently yielded values that are close to
the values we obtain when fitting a pure lateral diffusion
model (Fig. 4 b). This highlights the importance of perform-
ing initial experiments to define properly the appropriate
recovery model for analyzing FRAP data, including identi-
fying the kinetic behaviors exhibited by a molecule and
choosing the appropriately sized bleach area to interrogate
those behaviors.
Our value for koff is of the same order of magnitude, but
smaller than that reported by Hammond et al. (11), suggest-
ing a somewhat longer lifetime on the membrane (~7 s vs.
2.44 s). This could be due to differences in either the system
(worm versus human) or the PH constructs used (rat versus
human). However, this difference could also be due to dif-
ferences in the FRAP geometries and analysis. Hammond
et al. (11) bleach a Gaussian spot in a membrane oriented
perpendicular to the imaging plane. By assuming that
bleaching extent in Z is much greater than in X and Y, FRAP
analysis can be simplified to a one-dimensional problem
analogous to Eq. 10, which describes stripe bleaching. We
do not know the height of the cells used, but HEK cells
are likely to be 10 mm or less in height. Given that width
of the Gaussian spots used are on the order of the height
of the cells (5–10 mm), a size which is likely necessary to
observe the effects of membrane-cytoplasmic exchange, it
is possible that recovery in Z could be influencing their
measurements, an effect to which our two-dimensional
model would not be subject.
However, compared to Hammond et al. (11), our two-
dimensional geometry is more susceptible to effects arising
from the bleaching and recovery of the cytoplasmic pool
below the membrane, which could, in principle, affect our
measurements. To examine this possibility, we first bleached(dashed cyan line) are shown. Note the smooth box fits the data significantly
better in both cases.
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to establish the timescale of cytoplasmic equilibration.
Recovery was extremely rapid (t1/2 < 1 s, Fig. S4), con-
sistent with measurements using fluorescence correlation
spectroscopy (20). Coupled to the significantly higher fluo-
rescence on the membrane compared the cytoplasm and
short bleach times, the effects of this pool are likely small
(see the Supporting Material). To verify that cytoplasmic
recovery is not influencing our measurements, we included
a bleach offset of ~1 s to allow for cytoplasmic equilibra-
tion. As seen in Fig. 4, e and f, this offset does not signifi-
cantly affect the values for D and koff, indicating that the
effects of the cytoplasmic pool are negligible. It is worth
pointing out that we are able to perform this analysis due
to the use of our method to account for the effects of rapid
lateral diffusion of PHd1 during the bleach-offset period,
which would otherwise tend to introduce errors. In this
specific case, the initial fluorescence is less well described
by a sharp-edged box (Fig. 4, g and h), and fits using this
regime yielded significantly differing measurements, partic-
ularly after incorporating a ~1 s bleach offset (Fig. 4, e
and f).CONCLUSION
While FRAP presents a robust, easily implemented and
minimally invasive method for measuring the mobility of
molecules within their native environments, obtaining quan-
titative estimates of a molecule’s kinetic parameters requires
suitable analytical and numerical analysis for properly
analyzing FRAP experiments. Here we present an analytical
solution for the case of a molecule undergoing reversible
membrane association and lateral diffusion for two simple
bleach geometries: a one-dimensional stripe and a two-
dimensional box, bleached onto the surface of a membrane.
Compared to typical assumptions of ideal sharp-edged
bleach geometries, this scheme involves taking an arbitrary
postbleach frame and parameterizing the actual fluores-
cence distribution. This parameterization of both the extent
of the bleach area and the smoothening of the boundaries
allows for reconstruction of an accurate but analytically
accessible representation of the molecule distribution. By
fitting the fluorescence recovery using a kinetic model to
describe the time evolution of this initial distribution, we
can obtain accurate estimates for both membrane-cyto-
plasmic exchange and lateral diffusion. Notably, because
this procedure takes into account deviations from the ideal
bleach shape (here a box or stripe), it can account for a
variety of factors that may limit the sharpness of the bound-
aries of the bleached region, including, but not limited
to optical limitations or lateral diffusion of bleached and
unbleached molecules during the preanalysis phase, which
could otherwise induce significant errors.
Previous solutions for analyzing FRAP to extract diffu-
sion and exchange rates of a reversibly membrane-associ-ated molecule have been described for Gaussian spot
bleach geometries (10,11), specifically for the one-dimen-
sional case analogous to the smooth-edged stripe described
by Eq. 10. Importantly, the advantages of our method typi-
cally also apply to the Gaussian bleach geometry: Both can
be used for either one- or two-dimensional geometries, and
both can account for deviations in the ideal bleach shape due
to various effects, including lateral diffusion. Thus, the strat-
egies we describe here, such as including a bleach offset,
apply to both methods.
At the same time, both methods also share similar limita-
tions. Bleaching within a two-dimensional planar configura-
tion necessarily induces bleaching in the cytoplasm below
the membrane and is subject to Z-drift, which must be taken
into account in both cases. Shifting to a one-dimensional
geometry in which the membrane to be bleached is orthog-
onal to the imaging plane reduces, but does not eliminate,
these effects. However, the one-dimensional geometry intro-
duces an added requirement that bleaching in Z significantly
exceeds that in the X, Y plane. The contributions in the Z axis
to recovery can then be neglected, enabling the use of one-
dimensional model. This is usually accomplished through
opening the pinhole to increase bleach depth, but there are
limitations to this depth due to a variety of factors, such as
sample depth or curvature.
Importantly, the implementation of either method to
accurately measure diffusion and exchange requires interro-
gating a bleach area of the appropriate size. Specifically,
measurement of exchange kinetics that are relatively
slow relative to diffusion requires relatively large bleach
areas. In this last respect, our method provides additional
flexibility to a Gaussian spot, which, although also imple-
mentable on confocal systems, has several constraints.
Achieving and fitting large Gaussian spots can be compli-
cated by the tails of the fluorescence distribution. If these
tails are truncated by the edges of the cell, errors are intro-
duced. By contrast, achieving large areas is straightforward
with a box, especially because the sharpness of the bound-
aries does not scale with box size. Finally, in considering
two-dimensional bleach geometries, it is important to note
that Gaussian spots are necessarily isotropic. In contrast,
our method allows for anisotropies in shape (rectangles
versus squares), which allows for bleach areas to be more
easily adapted to cellular geometries.
Data analysis using our method for FRAP analysis is no
more complicated than other standard bleach geometries,
including Gaussian spots. The bleach areas we describe—
simple boxes or stripes—are widely used and easily
implemented on model confocal microscopes. It can be
implemented on planar geometries such as we describe for
PHd1 in which a two-dimensional surface can be imaged,
or for bleaching along a one-dimensional line such as
a cell boundary using the one-dimensional stripe model
(Eq. 10). Because fitting relies only on the initial distribu-
tion of fluorescence right after the bleaching process, itBiophysical Journal 99(8) 2443–2452
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geometry, and it is robust to deviations of the initial post-
bleach frame due to delays in acquisition, increased bleach
times, or physical limitations in the spatial resolution of the
bleaching beam. This property allows for significant varia-
tions in experimental setups.
Finally, in practice, fitting FRAP experiments requires
only two steps which are standard for most FRAP methods:
First, the initial fluorescence distribution in the postbleach
frame is fit to obtain the edge and slope parameters of the
bleach region. Second, the fluorescence recovery in the
area defined by these parameters is extracted and fit using
standard curve fitting software. Much of this process can
be automated with minimal user input. To facilitate use of
this method, MATLAB scripts (The MathWorks, Natick,
MA) for analyzing two-dimensional boxes are provided
(see the Supporting Material).
In summary, the FRAP methodology we describe
provides a relatively simple and robust method for mea-
suring diffusion and exchange kinetics of molecules in a
variety of biological contexts. It allows for accurate mea-
surement of both lateral diffusion and membrane-cyto-
plasmic exchange under realistic conditions. It is also
robust to delays between bleaching and image acquisition
which may be either intrinsic to the experimental setup or
incorporated to reduce the contribution of more rapid
processes that would otherwise interfere with accurate anal-
ysis. Thus, we feel this method will prove useful in a wide
variety of experimental contexts.SUPPORTING MATERIAL
Methods, four figures, a table, and references are available at http://www.
biophysj.org/biophysj/supplemental/S0006-3495(10)01028-3.
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